Abstract -Instability of population I (X = 0.7, Z = 0.02) massive stars against radial oscillations during the post-main-sequence gravitational contraction of the helium core is investigated. Initial stellar masses are in the range 65M ⊙ ≤ M ZAMS ≤ 90M ⊙ . In hydrodynamic computations of self-exciting stellar oscillations we assumed that energy transfer in the envelope of the pulsating star is due to radiative heat conduction and convection. The convective heat transfer was treated in the framework of the theory of time-dependent turbulent convection. During evolutionary expansion of outer layers after hydrogen exhaustion in the stellar core the star is shown to be unstable against radial oscillations while its effective temperature is T eff > 6700K for M ZAMS = 65M ⊙ and T eff > 7200K for M ZAMS = 90M ⊙ . Pulsational instability is due to the κ-mechanism in helium ionization zones and at lower effective temperature oscillations decay because of significantly increasing convection. The upper limit of the period of radial pulsations on this stage of evolution does not exceed ≈ 200 day. Radial oscillations of the hypergiant resume during evolutionary contraction of outer layers when the effective temperature is T eff > 7300K for M ZAMS = 65M ⊙ and T eff > 7600K for M ZAMS = 90M ⊙ . Initially radial oscillations are due to instability of the first overtone and transition to fundamental mode pulsations takes place at higher effective temperatures (T eff > 7700K for M ZAMS = 65M ⊙ and T eff > 8200K for M ZAMS = 90M ⊙ ). The upper limit of the period of radial oscillations of evolving blueward yellow hypergiants does not exceed ≈ 130 day. Thus, yellow hypergiants are stable against radial stellar pulsations during the major part of their evolutionary stage.
INTRODUCTION
More than a half-century ago Feast and Thackeray (1956) pointed out the significant scatter in luminosities (up to 7 magnitudes) of supergiants of the Large Magellanic Cloud. The most luminous stars of this sample of spectral types F and G the authors of this work named as supersupergiants. Later the name super-supergiant was changed to a hypergiant and the luminosity class of such objects was denoted as Ia + or Ia0 (de Jager 1980). The high luminosity and the low surface gravity favour the strong stellar wind, so that as one more criterion of the hypergiant one should consider the widely broadened emission and absorption lines. Evolutionary status of yellow hypergiants are thought to be that they are the post-main-sequence massive stars (i.e. with initial masses M ZAMS > 40M ⊙ ) undergoing gravitational contraction of the helium core (Meynet et al. 1994 ; Stothers and Chin 1996; Langer et al. 2007 ).
Yellow hypergiants are variable objects but the common point of view on nature of their variability does not exist yet. Stothers and Chin (1996, 2001) showed that outer layers of hypergiants might be dynamically unstable because the adiabatic exponent becomes smaller its critical value (Γ 1 < 4/3) due to partial ionization of helium and the large contribution of radiation pressure. Outer layers of the hypergiant can be unstable also due to convection in the hydrogen and helium ionization zones. De Jager and Nieuwenhuijzen(1997) and de Jager et al. (2001) estimated that the gradient of the turbulent pressure in subphotospheric layers might reduce the effective gravity almost to zero. However this conclusion was not confirmed by Stothers (2003) who showed that the turbulent pressure is insignificant and this effect can be neglected.
Together with irregular enhancements of the stellar wind some yellow hypergiants show cyclic light variations. The most remarkable example is ρ Cas with light amplitude of a few tenths of a magnitude and the period of order of several hundred days (Arellano Ferro 1985;
Sheffer and Lambert 1986; Zsoldos and Percy 1991; Lobel et al. 1994 Lobel et al. , 1998 . Most of these authors mentioned the fact that cyclic light variations of ρ Cas are very similar to those of pulsating stars. Moreover, near-IR CO line profiles demonstrate splitting similar to that observed in pulsating supergiants of intermediate spectral types such as RV Tau and R CrB variables (Gorlova et al. 2006) . At the same time there seems to be a contradiction with pulsation hypothesis because light variations with period of ≈ 500 day cannot be explained in terms of radial stellar pulsations for typical masses and radii of yellow hypergiants (Sheffer and Lambert 1986 ). Here one should be noted that no studies of pulsational instability of yellow hypergiants have been done yet, so that disussion of their photometric variability in terms of stellar pulsations remains hypothetical.
As shown in our previous paper (Fadeyev 2011 ) the population I stars (Z ≥ 0.02) with initial mass M ZAMS > 60M ⊙ become unstable against radial oscillations during the mainsequence evolutionary stage and they pulsate at least up to hydrogen exhaustion in the stellar core. The goal of the present study is to consider the pulsation properties of massive stars during the later evolutionary stage of gravitational contraction of the helium core and to determine the role of radial stellar pulsations in variability of yellow hypergiants.
THE METHOD OF COMPUTATIONS
The methods used to compute the stellar evolution and self-exciting radial stellar oscillations were described in our previous papers (Fadeyev 2007 (Fadeyev , 2008a (Fadeyev , 2008b (Fadeyev , 2010 (Fadeyev , 2011 , so that below we outline the most important improvements employed in hydrodynamic calculations of the present work. In studies of radial pulsations of Wolf-Rayet stars (Fadeyev 2007 (Fadeyev , 2008a (Fadeyev , 2008b ) and LBV-stars (Fadeyev 2010 ) the hydrodynamic computations were done in assumption of radiation transfer without convection. Bearing in mind complete ionization of hydrogen and helium in outer layers of these stars such an approach seems to be appropriate. In calculations of nonlinear pulsations of massive main-sequense stars with effective temperatures T eff > 2 × 10 4 K (Fadeyev 2011) the energy transport was assumed to be due to radiation and convection. The region of convective heat transfer encompasses the zone of the iron Z-bump (T ∼ 2 × 10 5 K) and convection was treated in the framework of the local steady-state mixing length theory (Böhm-Vitense 1958). However in outer layers (i.e. in hydrogen and helium ionization zones) of yellow hypergiants with effective temperatures T eff < 10 4 K the significant fraction of energy is transported by convection and interaction of convective elements with pulsation motions should be taken into account because of the large pulsation amplitude. To this end in the present study we employ the equations of time-dependent turbulent convection obtained by Kuhfuss (1986) from Navier-Stokes equations written for spherical geometry.
For spherically-symmetric motions the Lagrangean mass coordinate M r and the radius r are related by continuity equation dM r = 4πr 2 ρdr, where ρ is the gas density. Equation of motion describing the radial gas flow velocity U as a function of time t is
where P is the total thermodynamic (gas plus radiation) pressure, P t is the turbulent pressure, P v is the turbulent viscous pressure, G is the Newtonian graviational constant. The energy conservation equation is
where E is the specific internal energy (the sum of the translational, excitation, ionization and radiation energies per gram of material), E t is the root-mean specific turbulent energy, F = F rad + F c + F t is the total flux, that is the sum of the radiative, convective (enthalpy) and turbulent (kinetic energy of convective elements) fluxes.
Additionally we write the equation for conservation of the turbulent energy
where D t is dissipation of turbulent energy due to molecular viscosity and S t is the source or sink of the turbulent energy due to boyancy forces. In the isotropic medium the turbulent pressure P t , the mean turbulent energy E t and the root-mean speed of convective elements v c are related by
Expressions for other quantities in equations (1) The numerical solution of equations (1) - (3) was done with difference equations of the second-order accuracy in both the spatial coordinate M r and the time t. The equation of motion (1) was solved with the explicit finite-difference method, whereas equations (2) and (3) were treated implicitly using the Crank-Nicholson scheme (see, e.g., Richtmyer and Morton 1967) . Thus, at each step of integration with respect to time t the temperature T and the specific turbulent energy E t are determined for all Lagrangean mass zones of the hydrodynamic model from iterative solution of linearized difference energy equations.
For the inner boundary condition we employed the assumption of the rigid sphere with the time-independent flux:
where r 0 and L 0 are the radius and luminosity at the inner boundary. The gas temperature at the inner boundary is T < 10 6 K and therefore the thermonuclear energy generation within the pulsating envelope can be neglected. In hydrodynamic calculations the luminosity at the inner boundary L 0 was treated as the initial parameter of the hydrodynamic model determined from computations of stellar evolution. It should be noted that for the sake of stability of the numerical solution the inner boundary condition of the energy equation was written in assumption of radiation heat conduction. Therefore, the inner boundary of the hydrodynamical model is always below the iron Z-bump convection zone (T ∼ 2 × 10 5 K). For models considered in the present study the radius of the inner boundary is r 0 3 × 10 −2 R, where R is the equilibrium radius of the outer boundary.
At the evolutionary stage of the yellow hypergiant the stellar mass is about a half of its initial mass and in the outer layers of the star there is the negative gradient of the mean molecular 
During evolutionary expansion of outer layers when the stellar effective temperature is T eff = 10 4 K (the initial point of the tracks in Fig. 1(a) ) the principal energy source is gravitational contraction of the helium core. For example, the ratio of central values of the thermonuclear energy generation rate ε c (these are mostly reactions of the 3-α process) and the gravitational energy release ranges from
Here T c and S c are the temperature and specific entropy in the center of the star. This ratio gradually increases with time and at the turning point of the track is α c ≈ 10 2 independently of M ZAMS . At ending points of the tracks shown in Fig. 1 (a) this ratio is α c ≈ 300 for M ZAMS = 65M ⊙ and α c ≈ 10
Gradual decrease of the role of gravitational contraction in the total stellar energy production leads to deceleration of the evolutionary movement along the track. This effect is illustrated in Fig 1(b) , where for tracks in Fig 1(a) we give the plots of the rate of effective temperature change d ln T eff /dt. For example, at T eff ≈ 7 · 10 3 K the rate of the redward evolution in the HR diagram about five times of that in the opposite direction at the same effective temperature.
Thus, the probability to observe the yellow hypergiant with increasing effective temperature is significantly higher than that to observe the hypergiant with expanding outer layers. Nevertheless in our study we consider the pulsation properties of hypergiants with effective temperatures T eff ≤ 10 4 K independently of direction of their evolution in the HR diagram.
Pulsations of yellow hypergiants
The study of self-exciting stellar oscillations implies solution of the Cauchy problem for equations (1) - (3) with initial conditions corresponding to the hydrostatic and thermal (∇·F = 0) equilibrium. To this end we used some stellar models of preliminary computed evolutionary sequnces. Stability of the star against radial oscillations is determined from integration of the equations of hydrodynamics with respect to time t. In the case of pulsational instability the solution describes the exponetially growing oscillation amplitude with following transition to the limit cycle oscillations. The main quantities characterizing the limit cycle are the period Π and the amplitude of the radial displacement of the outer boundary ∆R expressed in units of the equilibrium stellar radius R.
In Fig. 2 This conclusion is illustrated in Fig. 3 where for two hydrodynamical models with effective temperatures T eff = 10 4 K and T eff = 6800K we show the radial dependencies of the mechanical work over a closed thermodynamic cycle:
Here ∆M j is the mass of the j-th Lagrangean interval, P j is the sum of the thermodynamic pressure and turbulent pressure, V j is the specific volume,
is the normalizing coefficient, N is the number of Lagrangean zones in the hydrodynamical model. Depending on the stellar structure the hydrodynamic computations were done with 500 ≤ N ≤ 1000.
As seen in Fig. 3 the star has a somewhat higher luminosity and perceptibly higher surface abundance of helium:
88. The higher helium abundance leads to a larger opacity of stellar material and to stronger convection in the helium ionization zones, so that the boundary of the pulsation instability moves to somewhat higher effective temperatures in comparison with hypergiants undergoing expansion of outer layers.
Pulsational instability of the hypergiant during evolutionary contraction of its outer layers is due to the κ-mechanism in the helium ionization zones. The radial dependence of the mechanical work over a closed thermodynamic cycle for the model near the boundary of instability region is shown in Fig. 4 by the dashed line. Two prominent positive maxima on the plot correspond to the zones of the first ionization and second ionization of helim, whereas the contribution of the iron Z-bump zone into the positive mechanical work does not exceed 6%.
During further evolution with increasing effective temperature the role of the iron Z-bump zone remains insignificant and at T eff = 10 4 K its contribution into the total positive mechanical work remain less than 8%.
Of greatest interest in comparison with observations is the pulsation period Π. During the evolutionary expansion of outer layers in the hypergiant with initial mass M ZAMS = 65M ⊙ the radial pulsations are due to instability of the fundamental mode and as seen in Fig. 2(b) the period gradually increases with decreasing T eff up to the instability boundary. During movement along the track in the opposite direction the radial oscillations resume at effective temperature T eff = 7400K. For T eff < 7700K the star pulsates in the first overtone and the period of the contracting hypergiant is significantly shorter than that of the expanding hypergiant with the same effective temperature. Transition of radial pulsations from the first overtone to the fundamental mode takes place at effective temperature T eff ≈ 7700K and is revealed by a jump in plots of the surface amplitude ∆R/R and period Π (see Fig. 2 ).
To compare the hypergiant pulsation properties at evolutionary stages of expansion and contraction we give in Fig. 5 the plots of the gas flow velocity at the outer boundary U and the light in V band m V for two hydrodynamical models with initial mass M ZAMS = 65M ⊙ and effective temperature T eff = 7500K. The significant difference in amplitudes of velocity and light curves is due to the fact that evolutionary contracting hypergiant pulsates in the first obertone, whereas during evolutionary expansion the hypergiant pulsates in the fundamental mode. However at effective temperatures T eff > 7700K the difference in pulsational properties becomes insignificant (see Fig. 6 ) because on both evolutionary stages the hypergiant pulsates in the fundamental mode.
Above we discussed results of hydrodynamic calculations for stars with initial mass M ZAMS = 65M ⊙ . Hypergiants with larger initial mass have a higher helium abundance in their outer layers because of the more massive convective core and the stronger stellar wind during the main-sequence evolutionary stage. Therefore in more massive hypergiants with T eff < 10 4 K the convection in helium ionization zones is stronger and the boundary of the pulsation instability region corresponds to higher effective temperatures. For example, in stars with initial mass M ZAMS = 90M ⊙ the radial pulsations cease during evolutionary expansion of outer layers at effective temperature T eff ≈ 7200K and resume during evolutionary contraction at T eff ≈ 7600K.
In Fig. 7 
